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multiplereflectionsand/ordiffractionsintheinhomogeneous

medium(internalmultiples).Thethreescatteringtypesareil-

lustratedinFig.1(a).Inacoustical,biomedical,optical,and

seismicimaging,theprocessingofsuchdatabasicallyincludes

, � ; xs) denote the Fourier transform
over time of the recorded pressure field corresponding to the
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Figure 2 Examples of the construction of free-surface reflections as a combination of events of the pressure data which contain only primaries
(� i ) and the events of the gradient of pressure (� j ). The construction of the free-surface reflections using scattering diagrams is shown at the top
of the picture, and an illustration of this construct with zero-offset data is shown in the bottom part of the picture to capture the time component
of these diagrams. The symbol� denotes the multidimensional convolution operations in the second term of equation (2), which allows us to
combine PP and � P0/� z. The results of the multidimensional convolutions of PP and � P0/� z are denoted� ij such that � ij = � i

� � j . The same
nomenclature is used in Figs 3 and 4. Note that we have added the sign Ò+ Ó to the direction of positive time to emphasize that the events
predicted by this multidimensional convolution are always in positive time, in opposition to what we can see in Figure 3.

3 S C AT T E R I N G D I A G R A M S I N T H E
C O R R E L AT I O N - T Y P E R E P R E S E N TAT I O N
T H E O R E M

One of the key components of the derivation for constructing
data without free-surface-reflection events is the notion of a
model of the subsurface with an infinite water layer (Fig. 1b).
The data corresponding to this model do not contain free-
surface-reflection events. Unfortunately, this notion does not
readily extend to the construction of data without internal
multiples, so we opted to investigate the correlation-type rep-
resentation theorem, which utilizes both time-advanced and
time-retarded fields instead of time-retarded fields only, as we
describe in (1). de Hoop (1966, 1995), Gangi (1970), and
Bojarski (1983) show that the correlation-type representation
theorem can be written as follows:

s� (� )P0(xr , � ; xs) + s(� )P�
P(xr , � ; xs) =

�

S
dS(x)� (x)

×
�

P�
P(x, � ; xr )

� P0(x, � ; xs)
� n

+ P0(x, � ; xs)
� P�

P(x, � ; xr )
� n

�
,

(3)

where the asterisk� denotes a complex conjugate. The actual
data P0 and the data without free-surface-reflection eventsPP

are, by definition, time-retarded fields because they are record-

ings of waves traveling in positive time in accordance with
classical wave-propagation experiments. However, the com-
plex conjugate of, say,PP (i.e., P

�

P) is a time-advanced field
because it describes recordings of waves traveling in negative
time. (Note that although the time-advanced field,P�

P, has no
counterpart in nature, it is a valid solution of the wave equa-
tion; see Appendix A for the time-domain definitions of time-
retarded and time-advanced fields.) Again,s(� ) is the Fourier
transform of the source signature, ands� (� ) isits complex con-
jugate. We can also notice that, contrary to equation (1), in
which the Kirchhoff scattering integral represents a time con-
volution between PP and P0 (i.e., the product of their Fourier
transform), the Kirchhoff scattering integral in (3) represents
a time crosscorrelation betweenPP and P0.

Before discussing (3) further, let us clarify our objective. In
analyzing the representation theorem (3), our goal is not to
recover the data without free-surface-reflection events [which
is best achieved by using (1) anyway], but rather to extract
some aspects of this equation which can be used in the con-
struction of internal multiples and primaries with scattering
points at the free surface. Although equations (1) and (3) are
equivalent, their scattering diagrams are quite different, as we
will see later.

Let us now return to the analysis of equation (3). To further
analyze this equation, especially its Kirchhoff surface integral,
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Figure 4 An illustration with scattering diagrams of the two-step process for generating internal multiples. The first step in (a) generates virtual
events which are then used in step 2 in (b) to generate internal multiples. Notice that the data in the first step are divided into parts which the
� -events arrive earlier in time than the� -events. The earlier part contains only primaries, and the later part contains primaries and internal
multiples (� ij = � i

� � j and � ijk = � i
� � jk ).

will replace PP with P(a)
0 and � P0/� z with � P(b)

0 /� z. Weassume
that there is no overlap betweenP(a)

0 and P(b)
0 . By comparing

Fig. 4(a) and Fig. 3(b), we can see in Fig. 4(a) that we no
longer generate the direct wave when there is no intersection
betweenP(a)

0 and P(b)
0 . An iterative scheme, of which Figs 4(a)

and 4(b) represent one iteration, can be used to predict and
then remove all significant internal multiples from the data.
At each iteration, the boundary between the earlier part and
the later part of the data moves progressively downward in
time. This iteration is under development.

To ensure an effective removal of predicted internal multi-
ples from the data, it is important to make the amplitude of

virtual events consistent with those of the data by replacingP�
P

in the computation of virtual events with PŠ1
P . The field PŠ1

P is
defined as follows:
�

V
dx PŠ1

P (xs, �, x) PP(x, �, xr ) = � (xs Š xr ). (5)

4 N U M E R I C A L I L L U S T R AT I O N S

Our goal is this section is twofold: First, we numerically con-
firm that SommerfeldÕs radiation boundary condition is not
valid for the correlation-type representation theorem [i.e., the
Kirchhoff scattering integral over SR (see Fig. 1) in (3) is not
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